We investigate the entanglement properties of finite spin rings, with noncollinear Ising interaction between nearest neighbours. The orientations of the Ising axes are determined either by the spin position within the ring (model A) or by the direction of the bond (model B). In both cases, the considered spin Hamiltonians have a point group symmetry, rather than a translation invariance, as in spin rings with collinear Ising interaction. The ground state of these models exhibit remarkable entanglement properties, resembling GHZ-like states in the absence of an applied magnetic field (model B). Besides, the application of an homogeneous magnetic field allows to modify qualitatively the character of the ground state entanglement, switching from multipartite to pairwise quantum correlations (both models A and B).
I. INTRODUCTION
Spin rings represent prototypical low-dimensional systems with highly entangled ground states [1, 2] . In particular, antiferromagnetic and isotropic exchange interaction induces pairwise entanglement between nearestneighbouring spins; moreover, it maximizes the concurrence within the set of translationally invariant states with vanishing magnetization [3] . Quantum entanglement in anisotropic Heisenberg models has also been investigated, partly in relation to the separability of the ground state for specific values of the applied magnetic field [4] [5] [6] [7] [8] [9] [10] . Indeed, the magnetic field can be used as a control parameter in order to engineer the ground state and thermal entanglement of the system. The interplay between the system anisotropies and the field offer even wider possibilities if one assumes that this needs not be homogeneous, but can rather be controlled locally [6, 11, 12] .
Previous analyses were mainly devoted to systems with translational invariance, where the anisotropies in the spin-spin couplings are independent on the site. However, physical implementations of low-dimensional spin systems are typically characterized by point-group symmetries, rather than traslational invariance [13] . This is the case, for examples, of nanomagnets [14] , that represent a rich class of molecular spin clusters, with widely tunable geometries and physical parameters. A number of ring-shaped nanomagnets has been investigated in the last years [14] ; some of these possesses attractive features for the encoding and manipulation of quantum information [15] [16] [17] . In this paper we consider rings formed by equivalent spins, where the anisotropies in the spinspin couplings reflect the point-group symmetry of the molecule and the local environment of each spin. In particular, we focus on spin models with noncollinear Ising interaction between nearest neighbours [18, 19] . The resulting spin Hamiltonians don't fall into any of the commonly considered cases and -unlike the standard Ising model -can exhibit highly entangled ground states, also in the absence of an applied magnetic field. In the case of model A, the components of each spin s k in the Hamiltonian (H A , Eq. 1) refer to local reference frames, with the x k axis pointing in the radial direction. The general reference frame is chosen such that r1 =x, being r k the position of s k . (b) In the case of model B, the local reference frames refer to each of the couplings between nearest neighbouring spins; the x and y components are thus defined for each bond, withx k (r k+1 − r k ). Therefore, the components of each s k in the Hamiltonian (H B , Eq. 5) refer to two local reference frames, one for the coupling with s k−1 and one for that with s k+1 .
II. THE MODEL
In order to provide an intuitive picture of the spin ring symmetry, we introduce the anisotropic Heisenberg model in a twisted-spin representation. In particular, we consider the case where the spins s i are located at the vertices of a regular polygon, and the directions of the coordinate axes are determined either by the position (r i ) of each spin within the ring (model A) or by the direction of the bond between the exchange-coupled spins (model B). In the case of model A [ Fig. 1(a) ], the x i component of spin s i is along the radial direction (r i =x i , with the origin O corresponding to the center of the polygon), whereas the y i axis is defined so as to form with x i a left-handed reference frame in the polygon plane. In the case of model B [ Fig. 1(b) ], instead, the x components of two neighbouring and coupled spins, s i and s i+1 , are both along the side of the polygon [x i (r i+1 − r i )].
A. Spin model A
In model A, the anisotropies in the Heisenberg coupling reflect the position of each spin within the ring:
where N is the number of spins and s N +1 ≡ s 1 . The primed spin components can be expressed in terms of the general reference frame:
A can be thus rewritten in terms of the general reference frame:
where the tensors J and D account for the symmetric and antisymmetric components of the interaction (J 
and D
while D xx = D yy = 0. In the case J In model B, the preferential directions in the anisotropic Heisenberg model are determined by the direction of each bond:
Here, the components of each spin s k are referred to two local reference frames: in the couplings with the spins s k−1 and s k+1 , these are (x k−1 , y k−1 ) and (x k , y k ), respectively:
In the general reference frame, the above Hamiltonian can be written as in Eq. 3, where:
In the case J We finally note that the above models A and B cannot, in general, be rephrased one in terms of the other. In fact, model A can be rewritten in the twisted-spin representation B only by adding an antisymmetric contribution:
Analogous considerations apply to the model B in the twisted-spin representation A. In this case, the equations can be obtained from the above ones by swapping the A and B apices, and by changing the sign in the expression of the anti-symmetric exchange coefficient.
C. Symmetry properties of the A and B models
Both the A and B models belong to the D nh pointgroup symmetry [13] , with n corresponding to the spin number (n = N ). In fact, one can show that H 
The Hamiltonians H
A and H B are also invariant under reflection (σ h ) about the polygon plane xy, and under theĈ n rotation exp(−i2πJ z /N ) around the vertical axis z. We note that the collinear XY model,
, belongs to the D 2h point-group symmetry, if the x ′ and y ′ axes coincide with symmetry axes of the polygon defined by the spin positions, i.e. ifx ′ andŷ ′ are parallel to two of thê n k . In the following we shall assume for simplicity that this is the case, and in particular thatx ′ =x andŷ ′ =ŷ. As suggested by the high degree of degeneracy of its energy spectrum (see below), the collinear Ising models H X and H Y are also invariant under a number of additional transformations, that apply to the orbital or spin degrees of freedom separately. In the case of the hexagon (Fig. 1) , for example, the symmetry operations of H ξ=X,Y include all the elements of the D 6h group, where each transformation is applied to the orbital part only: 6 differentĈ 2 rotations exp(−iL ·n k π/ ), with L = N i=1 l i and the 6 rotations axesn k defined as above; reflection about the polygon plane xy;Ĉ n rotation exp(−i2πL z /N ) around the vertical axis z, whih can be thought as the analogue of translational invariance for a system with periodic boundary conditions. If we assume for simplicity that the electrons occupy spherically symmetric orbitals centered at the positions r i , the transformations of D 6h simply result in permutations of the spin indices. The rotation of an angle π/3 around the z axis, e.g., induces the following transformations: (s k,x , s k,y , s k,z ) −→ (s k+1,x , s k+1,y , s k+1,z ). In general, one can show that the H XY Hamiltonian of an N -spin regular polygon is invariant under transformations belonging to the D nh group (with n = N ). The models A and B, instead, are only invariant under reflection of the orbital degrees of freedom about the xy plane.
As far as spin transformations are concerned, the collinear XY model belongs to the D 2h group, with the C 2 axes that coincide with the x ′ and y ′ axes. TheĈ 2 rotations thus correspond to exp(−iS α π/ ), with S =
. Therefore, one can associate the symmetry operation U ξξ ′ C of H ξ ′ to any symmetry operation of C of H A ξ (and vice versa). As shown below, the collinear and noncollinear models become significantly different (i.e. no longer unitarily equivalent) in the presence of an applied magnetic field.
III. RESULTS

A. Energy spectra and trial wavefunctions
The results presented below are based on the direct diagonalization of the Hamiltonians H A and H B for rings of s = 1/2 spins. The energy spectra of the noncollinear Ising models (Fig. 2) 
where R k,z (ϕ) = exp(−is k,z ϕ), φ = φ(ξ, ξ ′ ), and k = 0, 1. The expression of |α χ x depends on whether the coupling has a ferromagnetic (χ = F ) or an antiferromagnetic (χ = AF ) character:
where | ↑ x and | ↓ x are the eigenstates of the single-spin projection along the x direction. Finally, one can easily
The spectrum of H B ξ is characterized by a lower degree of degeneration with respect to that of H A ξ (Fig. 2) , reflecting the lower symmetry of the former Hamiltonian with respect to the latter one. In particular, the ground state doublet presents a splitting δ, whose magnitude decreases with the number of spins, as reported in the figure caption. For each spin ring, the energy spectrum is independent on whether
and on the sign of the coupling J B . In fact, all these Hamiltonians are unitarily equivalent, being:
where the latter equation also implies that the energy spectrum is symmetric with respect to the origin. In the following we thus refer, without loss of generality, to the case of H B X with J B X > 0. In all the considered cases, it was found that the ground state H B X could be expressed as a linear combinations of a limited number of symmetry-adapted states:
where the total spin projection along z of each component is fixed by k (M = N/2 − 2k). The components |Φ v k k , whose coefficients C v k k are determined numerically, are given by
where the 2k elements 1 ≤ v k p ≤ N of the vector v k specify which spins are flipped with respect to the reference configuration |α
In Eq. 14, different vectors v k correspond to components that cannot be transformed one into another by rotating the spin ring of an angle φ l around the z axis. For example, the components of |Φ can be represented by all the states where the only two down spins are nearest neighbours or next nearest neighbours, respectively. In the case J X < 0, the state |α 
where φ = π/2 and ξ = F (ξ = AF ) for J In analogy with the magnetization and Néel vectors, whose coherent tunneling is expected to take place in the ground state of molecular nanomagnets with ferromagnetic and antiferromagnetic Heisenberg interaction, respectively [14] , we introduce here the vectors n F and n AF , defined as:
These vectors have maximum modulus and opposite orientations in the case of the two macroscopically different components in Eq. 15:
, with ξ = F, AF . We can thus summarize the result reported in Fig. 3 by saying that the ground state of the noncollinear Ising models H B X presents coherent tunneling of the vectors n ξ (π/2).
Similar results can be found in the case of odd spin numbers. Here, the overall Hilbert space can be divided into two uncoupled subspaces, including either the states with M = −N/2 + 2(k − 1), or those with M = +N/2 − 2(k − 1) (being k = 1, 2, . . . , N/2). This results in a twofold degeneracy of all eigenvalues. Besides, the ferromagnetic and antiferromagnetic cases are no longer equivalent, and an additional degeneracy of the ground state is induced by spin frustration in the latter case. In Fig. 3 , we report the squared modulus of the overlap Ψ From the point of view of quantum correlations, the states | Ψ ξ are equivalent to the Greenberger-HorneZeilinger (GHZ) states, characterized by a genuine multipartite entanglement and by vanishing pairwise entanglement. Pairwise entanglement between nearest neighbouring spins is however present in the ground state of H B X . In fact, the concurrence between nearest neighbours has finite values (red squares in Fig. 3) , that decrease for increasing N , and tend to zero as the ground state tends to the GHZ-like state | Ψ ξ (φ) . The concurrence between pairs of spins that aren't nearest neighbours (not shown) is zero in all the considered cases.
C. Magnetic field induced entanglement
The magnetic field can be used as a control parameter in order to tune the quantum correlations within the ring. In the case of model A, the two degenerate and separable ground states |β and their collinear counterparts, and that between the ferromagnetic and antiferromagnetic cases. One of the consequences of the symmetry reduction is the removal of the degeneracy in the ground state. In fact, the energy splitting δ = E 1 − E 0 between ground and first excited states, increases with b (not shown). The field however also mixes the subspace spanned by |β and | Ψ ξ (φ) (see Table II ). All this is reflected in the entanglement properties of the ground state. For low values of the field, the concurrence between all pairs of spins is negligible [Figs. 4(a) and 5(a) ], whereas any blocks of N 1 consecutive spins is entangled with the complementary block of N 2 = N − N 1 (panels (b)). Moreover, the value of Tr(ρ We note in passing that the noncollinear Ising H A X , combined with an homogeneous magnetic field, results in an Hamiltonian and in ground state entanglement properties that are equivalent to those of a collinear Ising interaction in the presence of an inhomogeneous magnetic field, with radial field orientation at each spin site (b k r k ). While the latter geometry might produce remarkable entanglement properties in mesoscopic (pseudo)spin systems [11] , the former one seems much more suitable for producing analogous effects in nanometer-sized objects, such as molecular nanomagnets.
In the case of model B, we consider a magnetic field applied along the z direction, giving rise to an additional term in the Hamiltonian: H 
where
Here ξ = F or ξ = AF , depending on whether the coupling has a ferromagnetic or an antiferromagnetic character:
Unlike |β ξ 0 (φ) and |β ξ 1 (φ) (Eq. 9), the states |γ ξ 0 (θ, φ) and |γ ξ 1 (θ, φ) are not mutually orthogonal, unless θ = π/2, so that |α the overlap between |Ψ B 0 and | Ψ ξ t (θ, φ) decreases, while the value θ M of the angle θ that maximizes such overlap decreases. As θ M passes from π/2 (like in the case b = 0) to lower values, the entanglement properties of the ground state deviate from those of a GHZ state (Fig. 6 ). In particular, the entanglement between a block of N 1 consecutive spins and the remaining N 2 = N − N 1 ones, quantified by Tr{ρ 2 1 }, becomes an increasing function of the N 1 , whereas for b = 0 it is practically independent on N 1 , as for a GHZ state. The pairwise entanglement between nearest neighbouring spins, quantified by the concurrence, increases (red curve, figure inset). The multipartite entanglement, as quantified by the residual tangle, decreases for increasing b (blue curve). Altogether, the perpendicular magnetic field thus induces a transition from a predominantly multipartite entangled ground state to one with large pairwise quantum correlations.
IV. CONCLUSIONS
In conclusion, we have investigated spin rings that are coupled by noncollinear Ising interactions, whose anisotropy reflects the point-group symmetry of the system. The ground states of these Hamiltonians exhibit remarkable entanglement properties. In particular, in the case where the preferential directions for each spin are determined by the direction of the spin-spin bond (model B), the system ground state |Ψ B 0 is characterized by a large multipartite entanglement and by a low degree of pairwise entanglement. In fact, the overlap between |Ψ B 0 and a GHZ-like state increases with the number of spins N , and approaches 1 already for N = 10. A vertical magnetic field can be used to substantially modify such picture, enhancing the pairwise entanglement between nearest neighbouring spins at the expense of multipartite entanglement. In the case where the preferential directions for each spin are determined solely by its position within the ring (irrespective of the bond direction) -model A -the noncollinear Ising Hamiltonian is unitarily equivalent to the standard Ising model, and thus the degenerate ground state doublet is spanned by two factorizable states. However, the application of an moderate (with respect to J) in-plane field splits such doublet and induces multipartite entanglement in the ground state |Ψ 
